A double dominating set of G is a restrained double dominating set of G if for each x ∈ V (G)\S, there exists y ∈ V (G)\S such that xy ∈ E(G). In this paper, we characterized the restrained double dominating sets in the join, and corona of two graphs. We also determine sharp bounds for the restrained double domination numbers of these graphs. In particular, we show that if G and H are any graphs without isolated vertices of orders n and m, respectively, then γ r×2 (G • H) = min{n(γ r (H) + 1), nγ ×2 (H)}, where γ r , γ ×2 , and γ r×2 are, respectively, the restrained domination, double domination, and restrained double domination parameters.
Introduction
Let G = (V (G), E(G)) be a graph. For any vertex x ∈ V (G), the open neighborhood of x is the set N G (x) = {y ∈ V (G) : xy ∈ E(G)} and the closed neighborhood of x in G is the set N G [x] = N G (x) ∪ {x}. If X ⊆ V (G), the open neighborhood of X in G is the set N G (X) = x∈X N G (x). The closed neighborhood of X in G is the set N G [X] = N G (X) ∪ X.
A subset S of V (G) is a dominating set in G if N G [S] = S ∪ N G (S) = V (G) where N G (S) = {v ∈ V (G) : xv ∈ E(G) for some x ∈ S}. The minimum cardinality of a dominating set in G, denoted by γ(G), is the domination number of G. Moreover, a dominating set S of G is a restrained dominating set of G if for each x ∈ V (G) \ S, there exists y ∈ V (G) \ S such that xy ∈ E(G). The smallest cardinality of a restrained dominating set of G is called the restrained domination number of G and is denoted by γ r (G). A restrained dominating set of G with cardinality γ r (G) is called a γ r -set.
Let G = (V (G), E(G)) be a graph with no isolated vertices. A subset S of V (G) is a double dominating set of G if for each x ∈ V (G),
The double domination number of G, denoted by γ ×2 (G), is the minimum cardinality of a double dominating set of G. A double dominating set of G with cardinality γ ×2 (G) is called a γ ×2 -set. Furthermore, a double dominating set of G is a restrained double dominating set of G if for each x ∈ V (G) \ S, there exists y ∈ V (G) \ S such that xy ∈ E(G). The smallest cardinality of a restrained double dominating set of G is called the restrained double domination number of G and is denoted by γ r×2 (G). A restrained double dominating set of G with cardinality γ r×2 (G) is called a γ r×2 -set. Double dominating set and double domination number were first defined and introduced by F. Harary and T. W. Haynes in [3] as cited in [4] . They also established the Nordhaus-Gaddum inequalities for double domination. The concept of restrained domination was introduced by Telle in [6] as cited in [2] when they determine the best possible upper and lower bounds for γ r (G). R. Kala and T. R. Nirmala Vasantha [5] initiated the study of restrained double domination and obtained some bounds for γ r×2 (G) and characterized the graphs obtaining those bounds. Cuivillas and Canoy [1] characterized the double dominating sets in the join, corona, and lexicographic product of two graphs. They also determined sharp bounds for the double domination numbers of these graphs.
Join of Graphs
The join of two graphs G and H, denoted by G + H, is the graph with vertex-set V (G + H) = V (G) ∪ V (H) and edge-set E(G + H) = E(G) ∪ E(H) ∪ {uv : u ∈ V (G), v ∈ V (H)}. Theorem 2.1 Let G and H be any graphs without isolated vertices. Then a subset S = S G ∪ S H , where S G ⊆ V (G) and S H ⊆ V (H), of V (G + H) is a restrained double dominating set of G + H if and only if one of the following holds:
(i) S G = V (G) and S H = V (H);
(ii) S ⊆ V (G) and S is a double dominating set in G;
(iii) S ⊆ V (H) and S is a double dominating set in H;
(iv) |S G | = 1 and |S H | = 1, where S G and S H are dominating sets of G and H, respectively;
where at least one of the sets V (G) \ S G and V (H) \ S H is empty and, whenever non-empty, induces a graph without isolated vertex. 
The converse can be easily proven. The next result is an immediate consequence of Theorem 2.1.
Corollary 2.1 Let G and H be any graphs without isolated vertices. Then
Theorem 2.2 Let G and H be any graphs without isolated vertices. Then γ r×2 (G + H) = 2 if and only if one of the following holds:
(iii) γ(G) = 1 and γ(H) = 1.
Proof : Suppose γ r×2 (G+H) = 2. Let S ⊆ V (G+H) be a minimum restrained double dominating set of G+H. By Theorem 2.1, S is a double dominating set of G or S is a doube dominating set of H or |S ∩ V (G)| = 1 and |S ∩ V (H)| = 1, where S ∩ V (G) and S ∩ V (H) are dominating sets of G and H, respectively. Hence, γ ×2 (G) = 2 or γ ×2 (H) = 2 or γ(G) = 1 and γ(H) = 1. For the converse, suppose
Moreover if γ(G) = 1 and γ(H) = 1, then by Theorem 2.1, it follows that γ r×2 (G + H) = 2. Theorem 2.3 Let G and H be non-complete graphs such that γ r×2 (G + H) = 2. Then γ r×2 (G + H) = 3 if and only if one of the following holds:
Proof : Suppose γ r×2 (G + H) = 3. Let S ⊆ V (G + H) be a γ r×2 -set of G + H. Then, by Theorem 2.1, S is a double dominating set of G or S is a double dominating set of H or |S ∩ V (G)| = 1 and S ∩ V (H) is a dominating set of H, or |S ∩ V (H)| = 1 and S ∩ V (G) is a dominating set in G. Since γ r×2 (G + H) = 2, it follows that γ ×2 (G) = 3 or γ ×2 (H) = 3 or γ(H) = 2 or γ(G) = 2.
For the converse, suppose (i) holds. Let S * be γ ×2 -set of G. Then by Theorem 2.1, S * is a restrained double dominating set of G + H. Hence, γ r×2 (G+H) ≤ |S| = 3. Since γ r×2 (G+H) = 2, it follows that γ r×2 (G+H) = 3. Similarly, γ r×2 (G + H) = 3 if (ii) holds.
Next, suppose that (iii) holds, that is, γ(H) = 2. Let S 1 be γ-set of H. Pick any v ∈ V (H) and let S 2 = S 1 ∪ {v}. Then by Theorem 2.1(v), S 2 is a restrained double dominating set of G + H. Hence, γ r×2 (G + H) ≤ |S| = 3. Again, since γ r×2 (G + H) = 2, it follows that γ r×2 (G + H) = 3. A similar argument is used to show that the γ r×2 (G + H) = 3 if (iv) holds. Theorem 2.5 Let G be any graph and let
is a restrained double dominating set of K 1 + G if and only if either:
Proof : Let S be a restrained double dominating set of K 1 + G and put
Consider the following cases:
The converse is clear.
The next results are direct consequences of Theorem 2.5.
Corollary 2.6 Let G be any graph and let K 1 = v . Then
Remark 2.7 Let m and n be positive integers. Then
and
+ 2, otherwise.
Corona of Graphs
Let G and H be graphs of order n and m, respectively. The corona G • H of G and H is the graph obtained by taking one copy of G and n copies of H, and then joining the ith vertex of G to every vertex of the ith copy of H. For every v ∈ V (G), denote by H v the copy of H whose vertices are attached one by one to the vertex v. Denote by v + H v the subgraph of the corona G • H corresponding to the join {v} + H v .
Theorem 3.1 Let G and H be any graphs without isolated vertices of orders n and m, respectively. Then
Let S 2 , S 3 , and S 4 be the following:
For the converse, suppose S = S 1 ∪ S 2 ∪ S 3 ∪ S 4 , where S i (for i = 1, ..., 4) satisfy the given properties. Let x ∈ V (G • H). Consider the following cases:
The next result is an immediate consequence of Theorem 3.1.
Corollary 3.2 Let G and H be any graphs without isolated vertices of orders n and m, respectively. Then
Proof : Let D and R be, respectively, a γ r -set and a γ ×2 -set of
, where S 1 = V (G), S 2 , and S 4 satisfy the conditions in that theorem. Thus,
Example 3.3 Consider the graphs C 4 • P 3 , C 4 • P 4 , and C 4 • P 5 . In Figure 1 (a), (b), and (c), we have . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
